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New Permutation Trinomials Constructed from
Fractional Polynomials
Kangquan Li, Longjiang Qu, Chao Li and Shaojing Fu**
Abstract
Permutation trinomials over finite fields consititute an active research due to their simple algebraic form,
additional extraordinary properties and their wide applications in many areas of science and engineering.
In the present paper, six new classes of permutation trinomials over finite fields of even characteristic are
constructed from six fractional polynomials. Further, three classes of permutation trinomials over finite fields
of characteristic three are raised. Distinct from most of the known permutation trinomials which are with
fixed exponents, our results are some general classes of permutation trinomials with one parameter in the
exponents. Finally, we propose a few conjectures.
Index Terms
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1. INTRODUCTION
Let Fq be the finite field with q elements. A polynomial f ∈ Fq[x] is called a permutation polynomial (PP)
if the induced mapping x → f(x) is a permutation of Fq. The study about permutation polynomials over
finite fields attracts people’s interest for many years due to their wide applications in coding theory [15, 24],
cryptography [19, 22, 23] and combinatorial designs [5]. For example, Ding et al.[5] constructed a family of
skew Hadamard difference sets via the Dickson permutation polynomial of order five, which disproved the
longstanding conjecture on skew Hadamard difference sets. More recent progress on permutation polynomials
can be found in [2, 4, 9, 10, 12–14, 21, 25, 27].
Permutation trinomials over finite fields are in particular interesting for their simple algebraic form and
additional extraordinary properties. For instances, a certain permutation trinomial of F22m+1 was a major
ingredient in the proof of the Welch conjecture [8]. The discovery of another class of permutation trinomials
by Ball and Zieve [2] provided a way to prove the construction of the Ree-Tits symplectic spreads of
PG(3, q). Hou acquired a necessary and sufficient condition about determining a special permutation
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2trinomial, which is ax + bxq + x2q−1 ∈ Fq2 [x]. More results about permutation trinomials before 2015
could be referred in [11, Ch.4]. In a recent paper [6], Ding, Qu, Wang, et.al. discovered several new
classes of permutation trinomials with nonzero trivial coefficients over finite fields with even characteristic.
Moreover, a few new classes of permutation polynomials were given by Li, Qu and Chen [18]. Two classes
of permutation trinomials were found by Ma, et.al. [21] as well.
The PPs with the form xrh(x(q−1)/d) over Fq are interesting and have been paid particular attention.
There is a connection between the PPs of this type and certain permutations of the subgroup of order d of
F
∗
q . Throughout this paper, for integer d > 0, µd = {x ∈ F¯q : xd = 1}, where F¯q denotes the algebraic
closure of Fq.
Lemma 1.1. [20, 26, 27] Pick d, r > 0 with d | (q − 1), and let h ∈ Fq[x]. Then f(x) = xrh(x (q−1)/d )
permutes Fq if and only if both
(1) gcd(r, (q − 1)/d) = 1 and
(2) xrh(x) (q−1)/d permutes µd.
Let r, d, h be defined as above. According to Lemma 1.1, to determine if xrh(x (q−1)/d ) permutes Fq,
the key point is to prove the condition (2) in Lemma 1.1. This is usually difficult. However, in various
special sitiuations, conditions have been found for xrh(x) (q−1)/d to permute µd. When h(x) (q−1)/d = xn
for all x ∈ µd, it is easy to find this condition [1]. Let q = qm0 , where q0 ≡ 1 (mod d) and d | m, and
h ∈ Fq0 [x]. Akbary and Wang [1], Laigle-Chapug [15] proved that xrh(x) (q−1)/d permutes Fq if and only
if gcd(r + n, d) = gcd(r, (q − 1)/d) = 1. Zieve made important contributions to determining permutation
polynomials with this form. In [27], Zieve obtained a necessary and sufficient condition about a complex
form h(x) = hk(x)thˆ(hl(x)d0), where hk = 1 + x + · · · + xk−1 and t, d0, hˆ satisfy some conditions.
Moreover, Zieve found a novel method to verify that xrh(x)q−1 permutes µq+1, which is the key step to
consider whether xrh(xq−1) permutes Fq2 . The main idea is to exhibit the permutations of µq+1 and the
bijections µq+1 → Fq∪{∞} induced by degree-one rational functions. By this method, Zieve obtained some
results about f(x) = xrh(xq−1) in Fq2 [x], where f(x) = xn+k(q+1)[(γxq−1 − β)n − γ(xq−1 − γqβ)n] [28]
or f(x) = xn+k(q+1)[(ηxq−1 − βηq)n − η(xq−1 − β)n] [28]. In [28, Corollary 1.4], there was one class of
permutation trinomial (see Theorem 2.3 in Section 2), which included two permutation trinomials raised as
conjectures by Tu, Zeng, Hu and Li [25].
In this paper, we combine the above two approaches to investigate permutation trinomials with the
form xrh(x(q−1)/d). More precisely, we mainly consider the permutation trinomials over Fq2 of the form
xrh(xq−1). And we call g(x) = xrh(x)q−1 a fractional polynomial. Several new classes of permutation
trinomials over F22k and F32k with such form are constructed.
For the characteristic 2 case, let q = 2k. From Lemma 1.1, f(x) = xrh(xq−1) ∈ Fq2 , where h(x) =
1 + xm + xn(1 < m < n), permutes Fq2 if and only if gcd(r, q − 1) = 1 and g(x) = xrh(x)q−1 permutes
3µq+1. For x ∈ µq+1, we first prove h(x) 6= 0. Then we have
g(x) = xrh(x)q−1 = xr
h(x)q
h(x)
= xr
1 + xmq + xnq
1 + xm + xn
= xr
1 + x−m + x−n
1 + xm + xn
= xr−n
xn + xn−m + 1
1 + xm + xn
.
We find several classes of fractional polynomials g(x) that permute µq+1. Hence more permutation
trinomials can be constructed by Lemma 1.1. In our proofs, the key point is to determine the number
of the solutions of some specified equations with high degree (cubic, quartic, and so on).
For the characteristic 3 case, we use another approach since it is difficult to prove that the corresponding
fractional polynomials permutes µq+1 directly. To the authors’ best knowledge, this approach was first used
by Hou [13]. The main idea is as follows. It is clear that a polynomial f(x) ∈ Fq permutates Fq2 if and
only if f(x) = c has one unique solution in Fq2 for any c ∈ Fq2 . It is usually easy to prove this for the
case c ∈ Fq. For the other case c ∈ Fq2\Fq, we first prove that f(Fq2\Fq) ⊆ Fq2\Fq. Denote by Tr(x) and
N(x) the trace function and the norm function from Fq2 to Fq, respectively. Then it suffices to show that
Tr(x) and N(x) are uniquely determined by c since the pair (Tr(x),N(x)) can be uniquely determined the
set {x, xq} and f(x) 6= f(xq) = f(x)q (We assume f ∈ Fq[x]). We use this approach to directly prove the
permutation properties of two classes of trinomials. Further, by Lemma 1.1 we can obtain more permutation
trinomials.
The remainder of this paper is organized as follows. In Section 2, six new classes of permutation trinomials
over finite fields with even characteristic are proposed. In Section 3, we raise two classes of permutation
trinomials over finite fields with characteristic three. Section 4 is a comparison between our results and
known permutation trinomials. Section 5 are the conclusion and some conjectures.
2. SOME PERMUTATION TRINOMIALS OVER F22k
In this section, we obtain six new classes of permutation trinomials. The first three classes are generated
from two known theorems. The remaining results are constructed from three new fractional polynomials.
The following lemmas will be needed later.
Lemma 2.1. [16] Let q = 2k , where k is a positive integer. The quadratic equation x2+ux+ v = 0, where
u, v ∈ Fq and u 6= 0, has roots in Fq if and only if Trq(v
/
u2 ) = 0.
Lemma 2.2. [3] Let a, b ∈ Fq, where q = 2k and b 6= 0. Then the cubic equation x3 + ax + b = 0 has a
unique solution in Fq if and only if Trq
(
a3
b2 + 1
)
6= 0.
Throughout this section, we assume that q = 2k.
A. Generalization of two known theorems
First, we conduct a generalization from some existing results. The following result was due to Zieve.
Theorem 2.3. [28, Corollary 1.3] Let q be a prime power, and let l be a nonnegative integer. The polynomial
f(x) = xlq+l+3+3x(l+1)q+l+2−x(l+3)q+l permutes Fq2 if and only if gcd(2l+3, q−1) = 1 and charFq2 6= 3.
4In the above theorem, let charFq2 = 2. Then f(x) = xrh(xq−1), where r = (q + 1)l + 3, l ≥ 0 is an
integer and h(x) = 1 + x+ x3. Hence it follows from Lemma 1.1 that the fractional polynomial
g(x) = xrh(x)q−1 =
x3 + x2 + 1
x3 + x+ 1
(1)
permutes µq+1. Further, we can get another class of permutation polynomial as follows.
As we all know, x2 + x+ 1 = 0 has no solution in µq+1 if k is even. Then multiplying the numeractor
and the denominator of g(x) in (1) by x2 + x+ 1, we can obtain a new fractional polynomial
x5 + x+ 1
x5 + x4 + 1
.
Thus we can get some new permutation trinomials.
Theorem 2.4. Let q = 2k, h(x) = 1+x4+x−1 and r = 3+(q+1)l. Then f(x) = xrh(xq−1) = xlq+l+3+
x(l+4)q+l−1 + x(l−1)q+l+4 is a permutation trinomial over Fq2 when k is even and gcd(2l + 3, q − 1) = 1.
Next, the following is a special permutation trinomial in [18] and we will generalize it.
Theorem 2.5. [18, Theorem 4.8] Let q = 2k, gcd(3, k) = 1 and f(x) = x+ xq + x q2/2− q/2+1. Then f(x)
is a permutation trinomial over Fq2 .
In Theorem 2.5, f(x)2 = x2 + x2q + xq2−q+2 = x2(1 + x2q−2 + x1−q). Let r = 2, h(x) = 1+ x2 + x−1.
Then the fractional polynomial
g(x) = xrh(x)q−1 =
x4 + x3 + x
x3 + x+ 1
permutes µq+1 when k 6≡ 0 (mod 3) due to Theorem 2.5 and Lemma 1.1. In return, we can get some new
permutation trinomials.
Theorem 2.6. Let q = 2k , where k 6≡ 0 (mod 3), h(x) = 1+ x2+ x−1 and r = 2+ (q+1)l. Then f(x) =
xrh(xq−1) = xlq+l+2+x(l+2)q+l+x(l−1)q+l+3 is a permutation trinomial of Fq2 where gcd(l+1, q−1) = 1.
After multiplying the numeractor and the denominator of g(x) in Theorem 2.6 by x2 + x + 1, we can
obtain a diverse fractional polynomial
x6 + x2 + x
x5 + x4 + 1
which permutes µq+1. Let q = 2k, h(x) = 1 + x4 + x−1 and r = 2 + (q + 1)l. Then a new class of
permutation trinomial is obtained by Lemma 1.1.
Theorem 2.7. Let q = 2k. Then f(x) = xlq+l+2 + x(l+4)q+l−2 + x(l−1)q+l+3 is a permutation trinomial
over Fq2 when k ≡ 2, 4 (mod 6) and gcd(l + 1, q − 1) = 1.
5B. New constructions from fractional polynomials
Theorem 2.8. Let q = 2k , where k 6≡ 2 (mod 4), h(x) = 1 + x3 + x−1 and r = 3 + (q + 1)l, where
gcd(2l + 3, q − 1) = 1. Then f(x) = xrh(xq−1) = xlq+l+3 + x(l+3)q+l + x(l−1)q+l+4 is a permutation
trinomial over Fq2 .
Proof: First, we prove that h(x) 6= 0 if x ∈ µq+1. Suppose there exists a ∈ µq+1 such that h(a) = 0.
Then a4 + a + 1 = 0. Hence the order of a is 15. Combining with the assumption a ∈ µq+1, we have
15 | q + 1, which contradicts with k 6≡ 2 (mod 4).
According to Lemma 1.1, it suffcies to show that the fractional polynomial
g(x) = xrh(x)q−1 =
x5 + x4 + x
x4 + x+ 1
permutes µq+1 when k 6≡ 2 (mod 4).
Otherwise, there exist x1, x2 ∈ µq+1 and x1 6= x2 such that g(x1) = g(x2). Then
x51 + x
4
1 + x1
x41 + x1 + 1
=
x52 + x
4
2 + x2
x42 + x2 + 1
. (2)
Let x1 + x2 = u and x1x2 = v. Then u1−q = x1+x2x−11 +x−12 = x1x2 = v since x1, x2 ∈ µq+1. Plugging them
into the above equation and simplifying, we get
u4 + (v + 1)u3 + vu2 + v4 + v2 + 1 = 0. (3)
Let u = y−1. Then v = yq−1 and we have
y−4 +
(
yq−1 + 1
)
y−3 + yq−1y−2 + y4q−4 + y2q−2 + 1 = 0.
Let us multiply both sides of the above equation by y4 and let α and β denote y+ yq and yq+1 respectively.
Then α, β ∈ Fq and
β2 + β + α4 + α+ 1 = 0. (4)
Eq.(4) and Lemma 2.1 yield Trq(α4+α+1) = 0. However, it does not hold when k is odd. Therefore, g(x)
permutes µq+1 when k is odd. In the following, we assume that k is an even integer, i.e., k ≡ 0 (mod 4)
since k 6≡ 2 (mod 4).
Let ω be a solution of x3 = 1 in Fq and ω 6= 1. Then
Trq(ω) = ω + ω
2 + · · ·+ ω + ω2︸ ︷︷ ︸
k terms
= 1 + · · ·+ 1︸ ︷︷ ︸
k
2
=
k
2
= 0
since k ≡ 0 (mod 4). Solving Eq.(4), we get
β = α2 + α+ ω. (5)
6If y ∈ Fq, then v = yq−1 = 1. On the other hand, v = x1x2. So x2 = x−11 . Plugging it into Eq.(2), we
obtain:
x51 + x
4
1 + x1
x41 + x1 + 1
=
x41 + x1 + 1
x51 + x
4
1 + x1
,
i.e.,
x51 + x
4
1 + x1
x41 + x1 + 1
= 1.
So x51 = 1. Hence x
gcd(5,q+1)
1 = x1 = 1 since x
q+1
1 = 1 and k ≡ 0 (mod 4). Then x2 = x
−1
1 = 1 = x1,
which is a contradiction.
In the following, we assume y ∈ Fq2\Fq .
We recall that x1, x2 are the solutions of x2 + y−1x + yq−1 = 0 in Fq2 . Multiplying both sides of the
above equation by y2 and let z = yx, we get
z2 + z + α2 + α+ ω = 0,
since yq+1 = β = α2 + α+ ω.
Let γ = z + α. Then x = γ+αy and
γ2 + γ + ω = 0. (6)
Since Trq(ω) = 0, Eq.(6) has two solutions γ1, γ2 in Fq. Moreover, z1 = yx1 ∈ Fq, where y = (x1+x2)−1.
Then, zq1 = yx2 = yx1, x2 = x1, which is a contradiction.
This completes the proof.
Theorem 2.9. Let q = 2k, where k is even, h(x) = 1 + x3 + x−1 and r = 1 + (q + 1)l, where l ≥ 0 be
an integer and gcd(2l + 1, q − 1) = 1. Then f(x) = xrh(xq−1) = xlq+l+1 + x(l+3)q+l−2 + x(l−1)q+l+2 is a
permutation trinomial over Fq2 .
Proof: From the proof of Theorem 2.8, we claim that h(x) 6= 0 when x ∈ µq+1. Then we show that
the fractional polynomial
g(x) = xrh(x)q−1 =
x4 + x3 + 1
x5 + x2 + x
permutes µq+1. Assume that there exist two dinstinct elements x1 and x2 in µq+1 such that the following
equation holds.
x41 + x
3
1 + 1
x51 + x
2
1 + x1
=
x42 + x
3
2 + 1
x52 + x
2
2 + x2
. (7)
For simplicity of presentation, let u = x1 + x2 and v = x1x2. Then v = u1−q. And after a tedious
computation, we yield
u4 + (v + 1)3u+ (v4 + v2 + 1) = 0.
7Let y = u−1. Then u = y−1 and v = yq−1. Plugging them into the above equation, we obtain
y−4 +
(
yq−1 + 1
)3
y−1 + y4q−4 + y2q−2 + 1 = 0,
i.e.,
y4q + y4 + (yq + y)3 + y2q+2 + 1 = 0, (8)
after multiplying both sides of the equation by y4.
If y ∈ Fq, then y = 1 from Eq.(8). Moreover, u = y−1 = 1 and v = yq−1 = 1. Therefore, x1 is a solution
of x2+x+1 = 0 in Fq2 . It follows that x31 = 1. Hence x
gcd(3,q+1)
1 = x1 = 1 since x
q+1
1 = 1 and k is even.
Then x2 = x−11 = 1 = x1, which is a contradiction.
If y ∈ Fq2\Fq, let α = y + yq ∈ Fq. Then Eq.(8) becomes that
y2q+2 = α4 + α3 + 1. (9)
It is clear from Eq.(9) and the assumption of α that y2 and y2q are the solutions of the following equation
t2 + α2t+ α4 + α3 + 1 = 0. (10)
However,
Trq
(
α4 + α3 + 1
α4
)
= Trq
(
1 +
1
α
+
1
α4
)
= 0.
Therefore Eq.(10) has solutions in Fq, i.e., y ∈ Fq. This is contrary to the assumption.
We have thus proved the theorem by Lemma 1.1.
Theorem 2.10. Let q = 2k, r = 1 + (q + 1)l, where gcd(2l + 1, q − 1) = 1, and h(x) = 1 + x4 + x−2.
Then f(x) = xrh(xq−1) = xlq+l+1+x(l+4)q+l−3+x(l−2)q+l+3 is a permutation trinomial over Fq2 if k 6≡ 0
(mod 3).
Proof: It is easy to prove that h(x) 6= 0 when x ∈ µq+1, where k 6≡ 0 (mod 3). And similarly, the
key idea of the proof is to show
g(x) = xrh(x)q−1 =
x6 + x4 + 1
x7 + x3 + x
permutes µq+1. We assume it does not hold. Then there exist two dinstinct elements x1 and x2 in µq+1
such that the following equation holds,
x61 + x
4
1 + 1
x71 + x
3
1 + x1
=
x62 + x
4
2 + 1
x72 + x
3
2 + x2
. (11)
For convenience, let u = x1 + x2 and v = x1x2. Then it is easy to show v = u1−q. And after a tedious
computation, we yield
u6 + (v4 + v3 + v2 + v + 1)u2 + v6 + v5 + v4 + v3 + v2 + v + 1 = 0. (12)
8Let y = u−1. Then u = y−1 and v = yq−1. Let α = y + yq and β = yq+1. Plugging them into the above
equation, we obtain
α6 + (β + 1)α4 + βα2 + β3 + β2 + 1 = 0. (13)
If y ∈ Fq, then α = 0 and β3 + β2 + 1 = 0. Since β 6= 0, let υ = 1β 6= 0, 1. Then υ ∈ Fq and we have
υ4 + υ2 + υ = 0. (14)
Raising the above equation to its 2-th power, we obtain
υ8 + υ4 + υ2 = 0. (15)
Then computing Eq.(14) + Eq.(15), we get υ7 = 1. Then υ = υgcd(q−1,7) = 1 since υq−1 = 1 and
gcd(q − 1, 7) = 1 when k 6≡ 0 (mod 3), which is a contradiction.
If y ∈ Fq2\Fq, let α2 = γ + β + 1. Plugging it into Eq.(13), we obtain
γ3 + aγ + b = 0, (16)
where a = β2 + β + 1 and b = β3 + β + 1. Since
a3
b2
=
(
β2 + β + 1
)3
(β3 + β + 1)2
=
β6 + β5 + β3 + β + 1
β6 + β2 + 1
= 1 +
β5 + β3 + β2 + β
β6 + β2 + 1
= w + w2 +
β2 + β
β3 + β + 1
+
β4 + β2
β6 + β2 + 1
,
where w3 = 1 and w 6= 1. So
Trq
(
a3
b2
+ 1
)
= 0.
Hence, Eq.(16) has three distinct solutions or no solution in Fq by Lemma 2.2. In the following, we will
show that there exists one solution of Eq.(16) that is not in Fq. If it holds, it follows that Eq.(16) has no
solution in Fq. Therefore, g(x) permutes µq+1.
As we know, the quadratic derived equation of Eq.(16) is
t2 + bt+ a3 = 0. (17)
Let t = bz. Plugging it into the above equation, we get z2 + z + a3b2 = 0. Due to the factorization
a3
b2
= w + w2 +
β2 + β
β3 + β + 1
+
β4 + β2
β6 + β2 + 1
,
9where w3 = 1 and w 6= 1, therefore z = w + β
2+β
β3+β+1 is a solution of z
2 + z + a
3
b2 = 0 . Then t =(
β3 + β + 1
)
w + β2 + β is a solution of Eq.(17). Moreover,
t =
(
β3 + β + 1
)
w + β2 + β
= w(β3 + β + 1 + w2β2 +w2β)
= w(w3β3 + w2β2 + wβ + 1)
= w(wβ + 1)3,
since w3 = 1.
Then ǫ3 = t has the solution ǫ = σ(wβ + 1), where σ3 = w, i.e., σ9 = 1 and σ3 6= 1. Therefore,
ǫ+
β2 + β + 1
ǫ
= σ(wβ + 1) + σ8(w2β + 1)
= (σ4 + σ5)β + σ + σ8
= e4β + e,
where e = σ + 1σ , is a solution of Eq.(16). We claim that (e4β + e)q 6= e4β + e when k 6≡ 0 (mod 3).
Case I: k ≡ 1 (mod 3). Let k = 3l + 1. Since σq = (σ8l)2 = σ−2. eq = σ2 + 1σ2 = e
2
. Then
(e4β + e)q = e8β + e2. If (e4β + e)q = e4β + e, then e8β + e2 = e4β + e. Therefore, we get
β =
e2 + e
e8 + e4
.
Since β ∈ Fq, we have
βq =
e4 + e2
e16 + e8
=
e2 + e
e8 + e4
,
i.e., β2 = β, β = 1. However, (e4β + e)q = e4β + e. Then (e4β + e)q = (e4 + e)q = e8 + e2 = e4 + e, i.e.,
e4 + e = 0 or 1. If e = 0, σ = 1, which is wrong. If e = 1, σ2 + σ + 1 = 0, i.e., σ3 = 1. It is also wrong.
Hence, in the case, (e4β + e)q 6= e4β + e.
Case II can be proved similarly as Case I. We omit it here.
Hence, Eq.(16) has a solution which is not in Fq.
It follows that the theorem holds.
3. NEW PERMUTATION TRINOMIALS OVER F32k
In this section, we obtain two permutation trinomials with fixed exponents and then generalize them to
two classes of permutation trinomials with one parameter in each class.
First, the following results about the trace function and the norm function will be needed later. They can
be easily verified and the proof is omitted here.
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Lemma 3.1. Let q = 3k and x ∈ Fq2 . Then
Tr(x2) = Tr2(x) + N(x),
Tr(x5) = Tr5(x) + N(x)Tr3(x)−N2(x)Tr(x),
and
Tr(x8) = Tr8(x) + N(x)Tr6(x)−N2(x)Tr4(x)−N3(x)Tr2(x)−N4(x).
For convenience, let t = Tr(x), n = N(x), α = Tr(f(x)) and β = N(f(x)), where x ∈ Fq2 . And suppose
s = t
2
n , γ =
α2
β .
Theorem 3.2. Let q = 3k, where k 6≡ 0 (mod 4) and f(x) = x − x2q−1 + xq2−2q+2. Then f(x) is a
permutation trinomial over Fq2 .
Proof: (i) First, we show the fact f(Fq2\Fq) ⊆ Fq2\Fq .
If not, then there exists x ∈ Fq2\Fq such that f(x) = f(x)q, i.e.,
x− x2q−1 + x3−2q = xq − x2−q + x3q−2. (18)
Let y = xq−1. Then y 6= 1 and Eq.(18) reduces to
1− y2 + y−2 = y − y−1 + y3.
i.e.,
(y − 1)5 = 0.
Then y = 1, which is a contradiction.
(ii) We prove that f(x) = c has at most one solution in Fq2 for any c ∈ Fq2 .
If c ∈ Fq, we have x ∈ Fq by (i). Then f(x) = x, so we must have x = c.
In the following, we assume c ∈ Fq2\Fq. Then it follows that
Tr(f(x)) = Tr(x)− Tr(x2q−1) + Tr(x3−2q)
= Tr(x)−
x3q + x3
x1+q
+
x5q + x5
x2+2q
= Tr(x)−
Tr(x3)
N(x)
+
Tr(x5)
N2(x)
,
and
N(f(x)) = (x− x2q−1 + x3−2q)(xq − x2−q + x3q−2)
= −x5q−3 − x5−3q = −
x8q + x8
x3q+3
= −
Tr(x8)
N3(x)
.
11
Plugging Lemma 3.1 into the above two equations, we have
α = Tr(f(x)) = t−
t3
n
+
t5 − n2t+ nt3
n2
=
t5
n2
, (19)
and
β = N(f(x)) = −n(
t8
n4
+
t6
n3
−
t4
n2
−
t2
n
− 1). (20)
Computing (19)2/(20), we get
−
s5
s4 + s3 − s2 − s− 1
= γ, (21)
i.e.,
1
s5
+
1
s4
+
1
s3
−
1
s2
−
1
s
=
1
γ
.
Let g(u) = u5 + u4 + u3 − u2 − u = (u− 1)5 + 1 ∈ Fq[u]. Clearly, g(v) = v5 is a permutation polynomial
over Fq when k 6≡ 0 (mod 4). So Eq.(21) has only one solution in Fq. Plugging the solution into (19)
and (20), we know that Tr(x) and N(x) are also uniquely determined by c. Then the result follows from
f(Fq2\Fq) ⊆ Fq2\Fq and the fact that the set {x, xq} is uniquely determined by Tr(x) and N(x).
We complete the proof.
In Theorem 3.2, f(x) = x(1− x2(q−1) + x2(1−q)) = xrh(xq−1), where r = 1 and h(x) = 1− x2 + x−2.
According to the definition, the fractional polynomial
g(x) = xrhq−1(x) =
x5 + x3 − x
−x4 + x2 + 1
.
It follows from Lemma 1.1 and Theorem 3.2 that g(x) permutes µq+1 when k 6≡ 0 (mod 4). And then we
can obtain more permutation trinomials as follows.
Corollary 3.3. Let q = 3k, r = 1+(q+1)l and h(x) = 1−x2+x−2, where l ≥ 0 and k is an integer, which
satisfies k 6≡ 0 (mod 4) and gcd(2l + 1, q − 1) = 1. Then f(x) = xrh(xq−1) = xlq+l+1 + x(l+2)q+l−1 −
x(l−2)q+l+3 permutes Fq2 .
Theorem 3.4. Let q = 3k, where k is odd and f(x) = x + x3q−2 − xq2−q+1. Then f(x) is a permutation
trinomial over Fq2 .
Proof: The proof is similar to that in Theorem 3.2.
(i) First, we show the fact f(Fq2\Fq) ⊆ Fq2\Fq.
If not, then there exists x ∈ Fq2\Fq such that f(x) = f(x)q. Then
x+ x3q−2 − x2−q = xq + x3−2q − x2q−1. (22)
Let y = xq−1. Then Eq.(22) becomes
1 + y3 − y−1 = y + y−2 − y2.
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i.e.,
(y − 1)(y4 − y3 + y2 − y + 1) = 0.
Then either y = 1 or y4− y3+ y2− y+1 = 0. If y = 1, then x ∈ Fq, which is a contradiction. In the other
case, let y = z + 1. Plugging it into y4 − y3 + y2 − y + 1 = 0, we get
z4 + z2 − z + 1 = 0.
i.e.,
z4 = −(z + 1)2. (23)
Because −1 is a square in Fq2 , there exist some ǫ ∈ Fq2 such that ǫ2 = −1. And ǫq = −ǫ since q = 3k and
k is odd. Then we know z2 = ±ǫ(z + 1) from Eq.(23). Recalling z = y − 1, we get
y2 + (1± ǫ)y + 1 = 0. (24)
Raising Eq.(24) to its q-th power, and using yq+1 = 1 since y = xq−1, we obtain
y−2 + (1∓ ǫ)y−1 + 1 = 0,
i.e.,
y2 + (1∓ ǫ)y + 1 = 0. (25)
Computing Eq.(24)−Eq.(25) leads to y = 0. It contradicts since y = 0 is clearly not a solution of y4− y3+
y2 − y + 1 = 0. Hence, f(Fq2\Fq) ⊆ Fq2\Fq holds.
(ii) We prove that f(x) = c has at most one solution in Fq2 for any c ∈ Fq2 .
If c ∈ Fq, we have x ∈ Fq by (i). Then f(x) = x, so we must have x = c.
In the following, we assume c ∈ Fq2\Fq. We have
Tr(f(x)) = Tr(x)− Tr(x2q−1) + Tr(x3−2q),
which is equal to the Tr(f(x)) in Theorem 3.2, and
N(f(x)) = (x+ x3q−2 − x2−q)(xq + x3−2q − x2q−1)
= x4−2q + x4q−2 − x2 − x2q − x5q−3 − x5−3q
= −
Tr(x6)
N2(x)
− Tr(x2)−
Tr(x8)
N3(x)
.
Plugging Lemma 3.1 into the above two equations, we have
α = Tr(f(x)) =
t5
n2
, (26)
and
β = N(f(x)) = −n(
t8
n4
−
t4
n2
− 1). (27)
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Computing (26)2/(27), we get
−
s5
s4 − s2 − 1
= γ, (28)
i.e.,
1
s5
+
1
s3
−
1
s
=
1
γ
.
Let g(u) = u5 + u3 − u ∈ Fq[u] . Then according to [16], g is a normalized permutation polynomial over
Fq if q ≡ ±2 (mod 5). Recall that a polynomial f is called normalized if it is monic, f(0) = 0, and when
the degree n of f is not divisible by the characteristic of Fq, the coefficient of xn−1 is 0. So Eq.(28) has
only one solution in Fq. Plugging the solution into Eq.(26) and Eq.(27), we can know Tr(x) and N(x) are
also uniquely determined by c.
We complete the proof.
In Theorem 3.4, f(x) = x(1 + x3(q−1) − x1−q) = xrh(xq−1), where r = 1 and h(x) = 1 + x3 − x−1.
Therefore, the fractional polynomial
g(x) = xrhq−1(x) =
−x4 + x3 + 1
x5 + x2 − x
permutes µq+1 when k is odd due to Lemma 1.1 and Theorem 3.4. Hence, we can obtain more permutation
trinomials as follows by Lemma 1.1.
Corollary 3.5. Let q = 3k, r = 1+(q+1)l and h(x) = 1+x3−x−1, where l ≥ 0 and k is an integer, which
satisfies k is odd and gcd(2l+1, q−1) = 1. Then f(x) = xrh(xq−1) = xlq+l+1+x(l+3)q+l−2−x(l−1)q+l+2
permutes Fq2 .
4. MULTIPLICATIVE INEQUIVALENCES OF NEWLY CONSTRUCTED PERMUTATION TRINOMIALS
In this section, we show that permutation trinomials in this paper are not multiplicative equivalent to the
known results. First we recall the following definition of multiplicative equivalence between permutation
polynomials.
Definition 4.1. [18] Two permutation polynomials f(x) and g(x) in Fq[x] are called multiplicative equivalent
if there exists an integer 1 ≤ d ≤ q − 1 such that gcd(d, q − 1) = 1 and f(x) = g(xd).
As we all know, g(x) = cf(ax+ b) + d, where a, b, c, d ∈ Fq and a, c 6= 0 is a permutation polynomial
over Fq if and only if so is f(x). Here we only consider the multiplicative equivalence since most newly
constructed permutation polynomials here are with trivial coefficients, that is, whose nonzero coefficient is
only 1.
A. The comparison over F22k
First, we show that our permutation trinomials are not multiplicative equivalent to the known results over
F22k . For convenience, we list the known results and ours in TABLE I where fi(x) denote the known results
and yi(x) denote ours.
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TABLE I
PERMUTATION TRINOMIALS OF THE FORM xa + xb + xc OVER Fq2 WHERE q = 2k
a b c Conditions Resourecs
fi(x)
1 q q2
/
2 − q/2 + 1 gcd(3, k) = 1 [18]
1 q 2q − 1 k is positive [13]
1 q + 2 q2
/
2 + q/2 + 1 k is odd [18]
1 lq − (l − 1) q2 − lq + l k is positive [6]
lq + l + 3 (l + 1)q + l + 2 (l + 3)q + l gcd(2l + 3, q − 1) = 1 [28]
yi(x)
lq + l + 3 (l + 4)q + l − 1 (l − 1)q + l + 4 k is even and gcd(2l + 3, q − 1) = 1 Th 2.4
lq + l + 2 (l + 2)q + l (l − 1)q + l + 3 gcd(3, k) = 1 and gcd(l + 1, q − 1) = 1 Th 2.6
lq + l + 2 (l + 4)q + l − 2 (l − 1)q + l + 3 k ≡ 2, 4 (mod 6) and gcd(l + 1, q − 1) = 1 Th 2.7
lq + l + 3 (l + 3)q + l (l − 1)q + l + 4 k 6≡ 2 (mod 4) and gcd(2l + 3, q − 1) = 1 Th 2.8
lq + l + 1 (l + 3)q + l − 2 (l − 1)q + l + 2 k is even and gcd(2l + 1, q − 1) = 1 Th 2.9
lq + l + 1 (l + 4)q + l − 3 (l − 2)q + l + 3 gcd(3, k) = 1 and gcd(2l + 1, q − 1) = 1 Th 2.10
Let f1, f2 ∈ Fq2 [x] and f1(x) = xr(1 + xm(q−1) + xn(q−1)). From Definition 4.1, if f1 and f2 are
multiplicative equivalent, then there exists an integer d such that gcd(d, q − 1) = 1 and f2(x) = f1(xd) =
xrd(1 + xmd(q−1) + xnd(q−1)). Then their corresponding fractional trinomials are as follows.
g1(x) = x
r 1 + x
−m + x−n
1 + xm + xn
,
g2(x) = x
rd 1 + x
−md + x−nd
1 + xmd + xnd
.
Therefore, g2(x) = g1(xd). Hence f1 and f2 are multiplicative equivalent if and only if their corresponding
fractional polynomials are equivalent. Now let us list the newly constructed fractional polynomials.
g1(x) =
x5 + x+ 1
x5 + x4 + 1
, g2(x) =
x6 + x2 + x
x5 + x4 + 1
.
g3(x) =
x5 + x4 + x
x4 + x+ 1
, g4(x) =
x4 + x3 + 1
x5 + x2 + x
, g5(x) =
x6 + x4 + 1
x7 + x3 + x
.
Then we list the known fractional polynomials as follows.
g6(x) =
x3 + x2 + 1
x3 + x+ 1
, g7(x) =
x4 + x3 + x
x3 + x+ 1
.
It is easy to check that these gi(x), where i = 1, 2, · · · , 7 are pairwise multiplicative inequivalent. Therefore,
our permutation trinomials are inequivalent to existing permutation trinomials.
B. The comparison over F32k
To the best of the authors’ knowledge, there is only one class of permutation trinomial in F32k , which is
listed in Theorem 4.2.
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Theorem 4.2. [14] Let f = ax+ bxq + x2q−1 ∈ Fq2 [x], where q = 3k . Then f is a permutation trinomial
over Fq2 if and only if one of the following is satisfied.
(i) (−a) q+12 = −1 or 3, b = 0.
(ii) ab 6= 0, a = b1−q, 1− 4ab2 is a square of Fq.
(iii) ab(a− b1−q) 6= 0, 1− 4ab2 is a square of Fq, b2 − a2bq−1 − 3a = 0.
We collected in Theorem 4.3 our newly constructed classes of permutation trinomials constructed in
Section 3. These functions extend the list of known such permutations.
Theorem 4.3. (1) (Corollary 3.3) Let q = 3k and l ≥ 0, where k 6≡ 0 (mod 4) and gcd(2l+1, q− 1) = 1.
Then f(x) = xlq+l+1 + x(l+2)q+l−1 − x(l−2)q+l+3 permutes Fq2 .
(2) (Corollary 3.5) Let q = 3k and l ≥ 0, where k is odd and gcd(2l + 1, q − 1) = 1. Then f(x) =
xlq+l+1 + x(l+3)q+l−2 − x(l−1)q+l+2 permutes Fq2 .
It is easy to verify that the corresponding fractional polynomials are inequivalent. Hence, Theorem 4.3 is
not multiplicative equivalent to Theorem 4.2.
C. Other comparison
Lee and Park [17] considered trinomials of the form f = xnh(x q−13 ), where 3 | q − 1 and h(x) =
ax2 + bx+ c ∈ Fq[x], and they proved the following theorem
Theorem 4.4. [17] In the above notation, f is a permutation polynomial over Fq if and only if the following
conditions are satisfied.
(i) gcd
(
n, q−13
)
=1.
(ii) h(ǫi) 6= 0 for 0 ≤ i < 3, where ǫ3 = 1.
(iii) logα h(1)h(ǫ) ≡ logα
h(ǫ)
h(ǫ2) 6≡ n (mod 3), where α is a primitive element of Fq such that ǫ = α
q−1
3 .
On one hand, if q = 22k, a = b = c = 1, then f(x) = xn(x
22k+1−2
3 +x
22k−1
3 +1). By Magma, it is easy to
see that f(x) does not permute F22k . On the other hand, charFq2 = 3 does not satisfy the condition. Hence,
our results are different to the above theorem.
The following theorem was obtained by Zieve [28].
Theorem 4.5. [28] Let r be a positive integer and β ∈ µq+1. Let h(x) ∈ Fq2 [x] be a polynomial of degree
d such that h(0) 6= 0 and (xdh(1/x))q = βh(xq). Then f(x) = xrh(xq−1) is a permutation polynomial
over Fq2 if and only if all the following hold.
(i) gcd(r, q − 1) = 1.
(ii) (r − d, q + 1) = 1.
(iii) h has no roots in µq+1.
The key point in Theorem 4.5 is that (xdh(1/x))q = βh(xq). Let h(x) = 1+xm−xn, where n > m > 0.
Then h(xq) = 1+xqm−xqn whilst (xdh(1/x))q = −1+xqn−qm+xqn. Therefore, h(x) satisfies the condition
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of Theorem 4.5 if and only if n = 2m and charFq2 = 2. Luckly, the h(x) in this paper do not belong to
this situation. Hence, our results are not contained by known theorems.
5. CONCLUSION
Permutation trinomials over finite fields are both interesting and important in theory and in many applica-
tions. However, there does not exist an effective criteria that deals with the permutation property of a general
trinomial. In this paper, we discover six new classes of permutation trinomials (see Table I) over F22k and
three new classes of permutation trinomials (see Theorem 4.3) over F32k . These functions extend the list
of such permutations. Moreover, distinct from most of the known permutation trinomials which are with
fixed exponents if the corresponding finite field is given, our results are some general classes of permutation
trinomials with one parameter in the exponents. Hence they are more general and meaningful.
With the help of a computer, some conjectures are presented as follows.
Conjecture 5.1. (1) Let q = 3k, k is even and f(x) = xlq+l+5 + x(l+5)q+l − x(l−1)q+l+6, where gcd(5 +
2l, q − 1) = 1. Then f(x) is a permutation trinomial over Fq2 .
(2) Let q = 3k, f(x) = xlq+l+1 − x(l+4)q+l−3 + x(l−2)q+l+3 and gcd(1 + 2l, q − 1) = 1. Then f(x) is a
permutation trinomial over Fq2 .
(3) Let q = 3k, f(x) = xlq+l+1 + x(l+2)q+l−1 − x(l−2)q+l+3 and gcd(1 + 2l, q − 1) = 1. Then f(x) is a
permutation trinomial over Fq2 if k 6≡ 2 (mod 4).
By Lemma 1.1, it suffices to prove the following results correspondingly.
Conjecture 5.2. (1) Let q = 3k, k is even and g(x) = −x7+x3+xx6+x4−1 . Then g(x) permutes µq+1.
(2) Let q = 3k and g(x) = x6+x4−1
−x7+x3+x . Then g(x) permutes µq+1.
(3) Let q = 3k, g(x) = −x5+x3+xx4+x2−1 . Then g(x) permutes µq+1 if k 6≡ 2 (mod 4).
We have verified Conjecture 5.2 by Magma for 1 ≤ k ≤ 6.
One can see from the proofs of the theorems in this paper that the key point to the proofs is to determine
the number of the solutions of some specified equations with high degree (cubic, quartic, and so on). The
main difficulty to prove these conjectures lies in dealing with these high degree equations.
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